Abstract. Given the signature of a finitely-generated Fuchsian group, we find the minimal extension of the rationals for which there is a Fuchsian group having the required signature, whose matrix entries lie in this field.
1. Let r be a Fuchsian group, i.e., a discrete subgroup of PSL(2, R). If it is finitely generated and nonelementary it has a presentation of the form: Generators: ax, bx,... ,ag, bg, ex,.. .,er, px,... ,ps, hx,... ,h, Relations:
ej"'-l (i=l,...,r),m,>2, with (2) 2(g-l) + s + t+ £ jl-¿-)>0.
The integers appearing in this presentation-(g; mx,m2,...,mr; s; t)-form the signature of the group. Furthermore, for any collection of such integers, there exists a Fuchsian group with the corresponding presentation and signature. The elements of a Fuchsian group can be represented by 2 X 2 matrices of determinant one up to a factor of +1, so the field of definition of a Fuchsian group is well defined. In this paper we examine the smallest fields of definition among groups with the same signature. For a group T with presentation at (1) , it is clear that the field of definition must contain ÔI IT 77 77 \ cos -, cos -,... ,cos -. V »h m2 m
It turns out (see §2) that this field is a field of definition for a group T with presentation at (1) unless T is a cocompact triangle group. In contrast, our main result (Theorem 3) is that that is not the case for all but a finite number of signatures of cocompact triangle groups.
Since PSL(2, R) can be identified with the component PGL0(2, R) of the identity in PGL(2, R), elements of Fuchsian groups can also be represented by 2 X 2 matrices with nonzero determinant. Similar questions to those above are considered for fields of definition in this case in §6.
2. Let a = (g; mx, m2,.. .,mr; s; t) be the signature of a nonelementary finitelygenerated Fuchsian group.
Definition. The signature a is said to have a representative in the field K if there exists a Fuchsian group T of signature a such that Y < PSL(2, K ).
As noted above, K > Q\ cos -, cos -,..., cos -.
Mennicke [14] showed that (g; -; 0; 0) had a representative in Q(i¡3), and Magnus, [13] showed that it had a representative in Q by exhibiting an explicit rational 2x2 presentation of a group with signature (1; 2; 0; 0). Millington [15] has observed that groups with any signature of the form (g; 2,2,...,2,3,3,.. .,3; s; 0), where s > 0, exist as subgroups of the modular group and so such signatures have representatives in Q. Similar results will follow from recent work of Kulkarni [2, 3, 4, 10] on characterising subgroups of finite index in a given Fuchsian group. Lehner and Newman [11, 12] have considered the cases (0; mx,.. .,mr; s; t), where r -Y s + t = 3, r < 3.
More significantly, Takeuchi [16] uses a method of deforming a group T in its representation space to prove that the signature (g; 2,2,.. .,2,3,3,.. .,3; 0; 0) has representatives in Q. We will now sketch his method and indicate how it can be generalised to all signatures except those of cocompact triangle groups. Let T be a except in those cases corresponding to cocompact triangle groups, i.e., where g = s = t = 0 and r = 3. (For details see [17] .) Takeuchi further modified his argument to show that the perturbation can be organised so that one element of the perturbed group has trace distinct from all traces in the original group. Now the Teichmüller space of T, S~(T), is the quotient of ^0(T) under conjugation by elements of PGL(2, R). If &~K(T) represents the subspace corresponding to groups whose elements he in PSL(2, K), then Takeuchi's trace argument shows that STQ(Y)
is dense in ¿7~(T). This argument can also be extended to any finitely-generated Fuchsian group whose Teichmuller space has positive dimension (see [17] we shorten to (/, m, n). Denote the image ofle SL(2, R) in PSL(2, R) by X. It is clear from (1) that a group with signature (I, m, n) can be generated by two elements, and we make use of the following result of Knapp [9] on such groups. Since this field is an extension of degree at most 2 over the minimal possible field <2(cos y,cos 777, cos 77), it remains to determine whether or not o = (/, m, n) has a representative in this minimal possible field. Our main result is the following: 4. This section is devoted to the proof of Theorem 4. The general technique is to find anreÄ such that d(x) > 0 and then to argue that there exists an integer s with (s,2lmn) = 1 sufficiently close to x so that d(s) > 0. To obtain estimates of "sufficiently close" we use the following result.
Lemma. // p(n) = M1/loglog", then, for sufficiently large n, and all integers I, a with (a, I) = 1 andO < a < I, there exists in every interval of length lp(n) an integer s such that s = a (mod /) and(s, n) = 1.
Proof. For sufficiently large n, p is an increasing function and so it suffices to prove the result in the cases where (/, n) = 1. For suppose it is true in these cases for all « > 7V0. Let Nx be such that p(Nx) > 7V0. Then we claim it will be true in general for all n > Nx. For suppose / is given and n = nxn', where («',/)= 1, and if a prime /? divides nx then it divides /. So, if n' > 7V0, in any interval of length lp(n) > Ip(n') there exists ani^a (mod /) with (s, n') = 1, and so (s, n) = 1. If n' < N0, then in any interval of length lp(n) > lp(Nx) ^ IN0 > In', there exists anj = a (mod /) with (s, n') = 1, and so (s, n) = 1. (d)/= 0(mod4).
The same method works with e, 8 as in (c) and í = 1/2 -1 (mod 2/). Case IV is thus completed.
It remains to show that Cases I-IV are sufficient to prove our theorem. Cases I, II and IV suffice unless / < p/c and m < 12p • (p/c), in which case lm2p < ^(I2p2/c)2p = 144p6/c3 < n c for sufficiently large n. Thus Case III completes the proof.
5. The proof of Theorem 4 can provide explicit bounds for the number of exceptional triples (/, m, n) but, because of the slow rate of growth of log log x, these bounds are hopelessly large. The best we can do is determine all exceptional triples within certain special families of triples. [17] ).
Finally, for this section, we list the known "exceptional triples", i.e. triples (I, m, n) for which there does not exist a Galois automorphism a of g(cos % cos 777, cos 77) IÔ with a(d) > 0; 6. As mentioned in §1, PSL(2, R) can be identified with PGL0(2, R). Extending the definition of §2, the signature a is said to have a PGL-representative in F if there exists a Fuchsian group T with signature a such that T < PGL0(2, F) = PGL (2, F) n PGL0(2, R). Let P denote the natural map: GL(2, R) -» PGL(2, R). From this it follows that we can always find a PGL-representative at least in a quadratic extension of the minimal PGL field described in Theorem 8. Furthermore, since this minimal PGL field is a subfield of the minimal PSL field, Theorems 8 and 4 yield 
